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Abstract

Recently Karger proposed a new randomized algorithm for finding a minimum cut of an n-vertex graph (weighted
or unweighted) with probability Q(n~?%). In this paper we present a new probabilistic analysis of Karger’s randomized
algorithm for a few classes of unweighted graphs. For random graphs whose edges are selected with a given probability p,
(logn)/n < p < 1, we show that the expectation of success probability of the algorithm is (p/n). We also investigate a
class of graphs with special structure that consists of two n-cliques and y(n — 1) edges between the two cliques. Here y
is a parameter satisfying 0 < y < 1 that makes these y(n — 1) edges a unique minimum cut. We show that the algorithm
finds the unique minimum cut with probability Q(y/n”). © 1997 Elsevier Science B.V.
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1. Introduction

Given a connected undirected simple graph G = (V E) with n vertices and m unweighted edges, the minimum
cut problem is to find a set of edges of minimum cardinality whose removal leaves two connected components.
The cardinality of edges in the minimum cut is also called the edge connectivity of the graph. The minimum cut
problem has numerous applications in many fields and is extensively studied. The current fastest deterministic
algorithm for undirected, unweighted graphs requires O(mA(G) log(n?/m)) time [4,5], where A(G) is the
edge connectivity of G.

Recently, Karger [6] proposed a new randomized algorithm (called contraction algorithm below) for comput-
ing minimum cuts based on a simple operation of edge contraction. When the contraction algorithm terminates,
a minimum cut is produced with probability Q(n~?2). So, if O(n?logn) independent trials are performed, one
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finds a minimum cut with high probability. It should be noted that the contraction algorithm also works for
weighted graphs, where the total weights of edges in a cut is minimized. However, we restrict our analysis to
the unweighted graphs throughout the paper. From our preliminary computational results the contraction algo-
rithm produces minimum cuts with probability much higher than Q(n~?) for most of the randomly generated
input instances. This implies a gap between theoretical and computational results for random graphs. We shall
establish a lower bound stronger than (n~2) on the probability that the contraction algorithm succeeds in
finding a minimum cut for random graphs.

The key point of our probabilistic analysis of the contraction algorithm is to newly give an upper bound of
the number of edges contracted during the course of the algorithm, while the analysis given by Karger is based
on the lower bound on the number of remaining edges. By introducing a scheme called contraction tree we
obtain the lower bound on the success probability of the contraction algorithm for the following three classes
of graphs.

Complete graphs. The contraction algorithm finds a specific minimum cut with probability Q(n~!) for com-
plete graphs.

Graphs with two cliques. Each graph consists of two n-cliques and y(n — 1) edges between the two cliques,
where vy is a parameter satisfying O < y < I that makes the graph have a unique minimum cut separating the
two cliques. When v is close to 1 the value of the unique minimum cut becomes very close to the values of
those 2n cuts each of which separates a single vertex from the others. Although it is apparently difficult for
the contraction algorithm to find the unique solution when v is close to 1, we show that it finds the unique
minimum cut with probability Q(y/n?).

Random graphs. The random graphs are generated by a model introduced in [9], i.e., given a probability
0 < p < 1, each random graph is generated by including an edge between each pair of vertices with probability
p. Therefore each random graph G is generated with certain probability gg. For given p and n, we define
G(n,p) as a set of all simple graphs with n vertices with each of which g is associated. We assume
(logn) /n < p < 1 guaranteeing that almost all random graphs generated are connected [9]. When performing
the contraction algorithm on a given instance G of random graph, let P;(surv) denote the probability that
the contraction algorithm obtains a specific minimum cut for G. We shall show that the expectation of the
probability Pg(surv) over random graphs in G(n, p) is Q(p/n).

2. A new probabilistic analysis for random graphs and graphs with two cliques

The contraction algorithm proposed by Karger [6] is very simple. It repeats one fundamental operation:
contracting a randomly chosen edge in a graph. Contraction of an edge connecting two vertices vy and vz
results in a new vertex v called super vertex, by removing all edges between v| and v; and letting the set of
edges incident on v be the union of the sets of remaining edges incident on vy and v;. Karger gives an analysis
of his algorithm based on the following observation: Fix some specific minimum cut of ¢ edges. Suppose that
no edges in the minimum cut are selected during the contractions. Then after each contraction the contracted
graph must have a minimum degree of at least ¢, since the contracted graph has a minimum cut of ¢ edges.
Let m(j) denote the number of remaining edges at the beginning of the jth contraction. Since the number of
vertices decreases by one for each contraction,

m(j) = (n—j+1c/2. (N

We introduce a new scheme to count the number of edges of contracted graphs in a different way. We represent a
sequence of contractions by a binary tree called a contraction tree. Each leaf of the contraction tree corresponds
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to a vertex in the original graph. Starting with » isolated leaves, each time an edge between two super vertices
in the contracted graph is contracted, we create a new internal node as well as two arcs from the new node to
its two children in the contraction tree corresponding to the two super vertices.

2.1. Complete graphs

In order to clarify our new technique, we start with analyzing the performance of the contraction algorithm
when applied to complete graphs. It is clear that in a complete graph with n vertices a minimum cut separates
one single vertex from the others, and there are n distinct minimum cuts. Although it looks useless to analyze
the contraction algorithm for complete graphs, it does provide a starting point for the more nontrivial graphs
dealt with in the subsequent sections.

Consider a particular minimum cut in a complete graph, and suppose that the contraction algorithm never
contracts any edge in the minimum cut during the process of the algorithm. Let d(j) denote the sum of numbers
of edges contracted during the first j contractions. We have

Lemma 1. 4(j) <j(j+1D/2

Proof. We prove it by induction on j. For j = 1 the result holds since the number of contracted edges is
one. Assume that the result holds for j — 1. Now we consider the case of j. Suppose that the jth contraction
creates an internal node whose left subtree is 7; and right subtree is T;. Suppose that 7, (respectively 7;) has
q1 (respectively g2) leaves. From the induction hypothesis, the contractions performed corresponding to 7;
(respectively T;) contract at most g;(q; — 1) /2 (respectively ¢q2(g2 — 1) /2) edges. Notice that in order for
T; (respectively T;) to have g (respectively g;) leaves, we need q; — 1 (respectively g2 — 1) contractions.
Moreover, the number of edges contracted by the jth contraction is g1g,. In general, there may be other internal
nodes which are not in the subtrees of T; and 7. For simplicity we assume that all these internal nodes form a
single subtree containing g3 leaves. (The other cases can be treated similarly.) We have

d(j) <qilqi — 1D/2+g2(q2— 1) /2 4+ qiq2 + q3(g3 — 1) /2.
Since the current contraction is the jth contraction,

(gi—D+(@-D+@E-D+l=q+qt+tqgp—-2=]
Thus we have

dN <+ —D2+q@lqg+qa-1)/2+qa(gs—1)/2

K@+ @+q@—-D/24+q:(qg3—1D/2+(q1 +q2—1)(2¢3 - 2)/2
=(q+@p+a-D(a+e+a-1)/2=jGj+1/2. O

By Lemma 1 the maximum value of d(j) is attained when each contraction is carried out in such a way that
an edge between a single vertex and a super vertex is contracted.

Theorem 2. The contraction algorithm produces a specific minimum cut of an n-vertex complete graph with
probability Q(n~").

Proof. Let P;(dest) denote the conditional probability that some specific minimum cut is destroyed for the first
time at the jth contraction under the condition that it has not been destroyed for the first j — 1 contractions.
Since a minimum cut has n — 1 edges in an n-vertex complete graph,
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n—1 < 2(n—1)

m(j) " an—1) —j(j—1)

When the contraction algorithm terminates, each original vertex has been merged into one of the two remaining

super vertices. This obviously defines a cut of the original graph. Let P(surv) denote the survival probability
of the specific minimum cut after (n — 2) contractions. Thus,

Pj(dest) =

n_>2 n—2
2(n—1)
(surv) g( ;(dest)) E( n(n—l)—](}“l))

|

_ﬁ(n—-j— Dnt+j-2) 1
o (=Dt b 2n—3’
Corollary 3. The contraction algorithm produces a minimum cut of an n-vertex complete graph with probability
higher than 1/2.

2.2. Graphs with two cliques

The discussion in the previous subsection can be extended to a class of graphs with two cliques defined
in Section 1. Let G be a graph of 2n vertices that has a special structure of containing two n-cliques and a
unique minimum cut separating them. Assume that the number of edges in the minimum cut is y(n— 1), where
0 < v < 1. The graph has m = n(n — 1) + y(n — 1) edges. Suppose that J contractions have been executed
on the graph and no edges of the minimum cut are contracted. We observe that (i) when J < n, the most
destructive way of contraction is to consecutively contract the edges all of which belong to the same clique
until the clique becomes a single supervertex in such a way that every contraction contracts an edge connecting
a single vertex and a super vertex, and that (ii) when n < J < 2n — 2, the most destructive way of contraction
is to contract edges in the other clique in the manner as described in (i). Thus the number of edges remaining
at the beginning of the jth contraction satisfies

1
nn—1) - j(j— 1) +y(n-1), Jj<n—1,
m(j) 2 < 2
zn(n— 1) — E(j—n)(j—n+1) +vy(n—-1), otherwise.

The following fact is required to obtain the desired results.

Fact. Let x, y and z be given positive numbers with x > y. Then

y+2z y
RO 2
x+z 7 x (2)

The survival probability of the minimum cut is

n—1 2n—2

P(surv) > H

J=1

- 2n(n—1) —j(j — 1) - n(n—1) —i(i—1)
=1_:[2n(n——l)—j(j—1)+27(n—l) *Hn(n—l)—i(i—l)—i—Zy(n—l)' (3

n(n—1)—%j(j—1) 1 Inn—1) -3 -mG-n+1)
n(n—1) —3jG=D+yn=1) 5 ntn=1—30G-mG-n+D+y(n-1)

n

=1

We derive lower bounds of the two terms in (3) as follows. For the first one we obtain
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n—1 o n—1
2n(n—1)~jG -1 22— 24 j—2n
];I 2n(n (replace y by 1)

— > 57—
pic “D-jU-D+22y(n=1) " o 2 -4

='ﬁ(x/§n+j~l)(\/§n—j— D+ G+2vIn—2n-1)
P (V2n+)(V2n—j) +
(by (2))
> \/in
(1+V2)2(V2n - 1)

Using the Gamma function [1] to evaluate the second term, we have

n—1

il n(n—1) —i(i— 1) _"1-‘1‘ (n=i(n+i-1)
ttn(n—1) —ii—D+2y(n—1) "L (n—i+y)(n+i-1+y) —(y+7?)
n—1

(n—i)(n+i=-1)  _y
>£]I(n—i+7)(n+i—1+y)—Q(nv)'

Theorem 4. The contraction algorithm finds the unique minimum cut of a graph defined above with probability

Q(y/n?).

3. Asymptotic analysis for random graphs

In this section we analyze the asymptotic performance of the algorithm for random graphs. The random graph
model used here is the one described in [9], which was mentioned in Section 1. Each graph G in G(n, p),
generated with certain probability gg, is expected to have pn(n — 1)/2 edges. It is obvious that with high
probability the number of edges in a minimum cut of a graph G is at most p(n — 1). Let Ex(-) denote the
expectation of a random variable associated with graphs from G(n, p). The following lemma can be proved in
a manner similar to Lemma 1.

Lemma 5. Let Ex(d(J)) be the expectation of the number of edges contracted during the first j contractions.
Then
. G- .

Ex(d(j) <BEEL— 4 (4)
Proof. First, consider a contraction process that at each contraction an edge is chosen between a super vertex
and a single vertex. Since there must be at least one edge connecting the vertex with the super vertex, the
expected number of edges contracted at the ith contractions is p(i — 1) + 1. The expected number of edges
contracted during the first j contractions is

j L

. G-1D .

Si-n+n =Bty (5)
i=1

As for the other contraction process, we prove (4) by induction on j. After the first j — 1 contractions, suppose

we have three super vertices V;, { = 1,2,3, in the current contracted graph, and each V; contains g; vertices

of the original graph. (The other case can be treated in a similar manner.) Suppose that ¥ and V; are to be

merged at the jth contraction. Then the expected number of edges to be contracted at the jth contraction is
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P(q1q2 — 1) + 1. We can show that the expected number of edges contracted during the first j contractions is
at most pj(j — 1) /2 + j by an argument similar to that of Lemma 1. O

Note that when p = 1 Lemma 5 coincides with Lemma 1.

Theorem 6. For random graphs in G(n,p), (logn)/n < p < 1, the expectation of the probability that the
contraction algorithm succeeds in finding a specific minimum cut is Q(p/n).

Proof. By the same argument in the previous section the expected number of remaining edges before the Jjth
contraction is

pr(n—1) p(j=2)(j-1)

2 2

When performing the contraction algorithm on a given instance G of the random graphs, we define the condi-
tional probability Pg;(surv) (respectively Pg;(dest)) that a specific minimum cut of G survives (respectively
is destroyed) at the jth contraction, under the condition that no edges in the cut has been contracted by the
first j — 1 contractions. Denote by Ex(Pg;(surv)) (respectively Ex(Pg;(dest)) the expectation of Pgj(surv)
(respectively Pg,(dest)) taken over all graphs from G(n, p). Similarly let Ex( Pg(surv)) be the expectation of
the probability that the algorithm succeeds in finding a specific minimum cut of G. Therefore the expectation
Ex(Pg(surv)) is given by EGEG(W) Pg(surv)gg.

Ex(Pgj(surv)) =1 — Ex(Pg;(dest))
- 2p(n—1)
pn(n—1)—p(j-2)(j-1D -2(j—1)
_m=2)(n-D) -G -2)(G-1D-20-1/p
nin—1)-G-2)(G-1)-2G-1)/p
_(n+j-14+1/p)(n—j-2-1/p) + (4j+3/p+1/p* -2)
T (n+j+1/p)(n—j—1-1/p)+ (4 +3/p+1/p*—2)
(n+j=1+1/p)(n—j—2-1/p)
Tt —i-1p YR @
Recall if we use Karger’s lower bound (1) to give an expected number of remaining edges before the jth
contraction we have

Bx(m(y) > L2 D= ) )

Ex(m(j)) =Ex(m—d(j—1)) 2 -@G-1. (6)

for random graphs. Comparing (6) with (8) we find that after a certain number of contractions, i.e., j >
n—3—[2/p], the right-hand side of (8) becomes greater than that of (6), which implies that Karger’s lower
bound (8) becomes better than (6) for j > n—3 — [2/p]. Thus letting J =n—3 — [2/p], and using Karger’s
lower bound of (8) for j > J + 1, we have

J n—2
2
Ex(Pg(surv)) > [ Ex(Pe;(surv)) ] (1 - m)
j=l j=.’+1

n—2

2ﬁ(n+j—1+1/l?)(ﬂ—j—2—1/p)*H1_ 2 )
Jj=1

(n+j+1/p)(n—j—-1-1/p) n—j+1

- J-2-1/p)(n+1/p) 2 (p)

Zh—2—-1/pyn+J+1/p) (n—Dn—-J—1) \a

=I+1

g 9
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In Section 2.2 we considered a class of graphs with two cliques of the same size. We can apply the
discussion to a more general case, which is described in [3]. Given a graph of 2n vertices, the vertex set is
randomly partitioned into two subsets with equal size. Edges joining vertices in the same subset are selected
with probability p and edges joining vertices in different subsets are selected with probability py/(n — 1),
0 <y < 1. The cut separating the two subsets is almost surely a unique minimum cut of the graph. Combining
the discussion of this and the previous sections it is not difficult to obtain an expectation of probability
Q(yp/n?) that the contraction algorithm finds the desired minimum cut.

4. Concluding remarks

In this paper we presented a new probabilistic analysis of Karger’s randomized algorithm for a few classes
of unweighted graphs. Our analysis was motivated by the observation of the gap between Karger’s theoretical
bound and our computational results of the contraction algorithm. The other motivation we like to point out
came from the attempt of giving an interpretation of the practical behavior of our recently devised randomized
algorithm [2] for solving minimum cut problems. Our algorithm approximately solves a minimum cut problem
by repeatedly solving minimum range cut problems [8] with randomly given edge weights. Although no strictly
better bound than Karger’s has been obtained, the usefulness of our method is demonstrated by computational
results in [2] for various types of randomly generated graphs, and it finds a minimum cut with a probability
higher than or equal to the one that contraction algorithm does at a single trial [2]. Consequently the stronger
lower bound of the contraction algorithm obtained in this paper will also give theoretical support on the
effectiveness of our method.
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